We study topological phases of time-reversal invariant singlet superconductors in three spatial dimensions. In these particle-hole symmetric systems the topological phases are characterized by an even-numbered winding number ν. At a two-dimensional (2D) surface the topological properties of this quantum state manifest themselves through the presence of ν flavors of gapless Dirac fermion surface states, which are robust against localization from random impurities. We construct a tightbinding model on the diamond lattice that realizes a topologically nontrivial phase, in which the winding number takes the value ν = ±2. Disorder corresponds to a (non-localizing) random SU(2) gauge potential for the surface Dirac fermions, leading to a power-law density of states ρ(ǫ) ∼ ǫ 1/7 . The bulk effective field theory is proposed to be the (3+1) dimensional SU(2) Yang-Mills theory with a theta-term at θ = π.
Bloch-Wilson band insulators are commonly believed to be simple and well understood electronic states of matter. However, recent theoretical [1, 2, 3, 4, 5, 6] and experimental [7, 8] progress has shown that band insulators can exhibit unusual and conducting boundary modes, which are topologically protected, analogous to the edge states of the integer quantum Hall effect (QHE). These so-called Z 2 topological insulators (also known as 'quantum spin Hall' insulators), which exist in two-and threedimensional (3D) time-reversal invariant (TRI) systems, are characterized by a topological invariant, similar to the Chern number of the integer QHE. Given these newly discovered topological states, one might wonder whether there exists a general organizing principle for topological insulators. Indeed, the integer QHE and the Z 2 topological insulators are in fact part of a larger scheme, discussed in Ref. [6] , which provides an exhaustive classification of topological insulators and superconductors in terms of spatial dimension and the presence or absence of the two most generic symmetries of the Hamiltonian, time-reversal and particle-hole symmetry [9] .
Using this classification scheme which was originally introduced in the context of disordered systems [10] , it was shown in Ref. [6] that, besides the 3D Z 2 topological insulator, there are precisely four more 3D topological quantum states. Among these there is one which is particularly interesting from the point of view of possible experimental realizations. It is called the topological superconductor in symmetry class CI in the terminology of Ref. [6] and can be realized in time-reversal invariant singlet BCS superconductors. While the bulk is fully gapped in this topological quantum state, there are gapless robust Dirac states at the two-dimensional boundary. The CI topological superconductor is unique among 3D topological quantum states in that it does not break SU(2) spin rotation symmetry, and therefore supports the transport of spin through gapless surface modes. The different topological phases of the CI topological superconductor can be characterized by an integer winding number ν, that takes on even values only, and which can be interpreted as the number of species of gapless surface Dirac fermions.
In this Letter, we construct a lattice BCS Hamiltonian which realizes both the topologically trivial and the nontrivial phases of the CI topological superconductor. We compute the winding number and demonstrate the existence of gapless two-dimensional Dirac fermions at the boundary. The model we consider is defined on the diamond lattice with (the lattice analogue of) spin singlet d-wave pairing, and has the form of a 4 × 4 Bogoliubovde Gennes (BdG) Hamiltonian. In reciprocal space the noninteracting Hamiltonian reads H = k Ψ and momentum k on sublattice A and B of the diamond lattice, respectively, and
Here, the nearest neighbor hopping term is given by 
are readily obtained, exhibiting a two-fold degeneracy for each k. The symmetry operation that realizes particle-hole symmetry (PHS) for a singlet pairing BdG Hamiltonian is given by [6] ,
where r y is the second Pauli matrix acting on the particlehole space. Hamiltonian (1) automatically satisfies symmetry property (2a), as can be checked easily. If furthermore time-reversal symmetry (TRS) is present, H(k) obeys
which is the case, if the pairing amplitudes ∆ ij are all purely real. The discrete symmetry constraints (2a) and (2b) define the CI symmetry class in the AltlandZirnbauer classification [6, 10] . It is important to note, that an arbitrary Hamiltonian belonging to symmetry class CI can be brought into block off-diagonal form. This is achieved by means of a unitary transformation which rotates the r µ matrices such that (r x , r y , r z ) → (r x , −r z , r y ). Under this rotation H(k), Eq. (1), transforms into
where the upper right block is given by
which satisfies
In order to define a topological invariant for the CI topological insulator, we need to introduce, following Ref. [6] , the projection operator Q(k)
where, as a consequence of TRI and PHS, q T (−k) = q(k). The block off-diagonal form of H(k), and hence of Q(k), is essential to uncover the topological structure of the space of all possible quantum ground states in class CI. It allows us to introduce a topological invariant that classifies maps from the Brillouin zone (BZ) into the space of the projection operators Q(k). This invariant is a winding number defined in Ref. [6] through
where the integral is over the 3D BZ [11] . Due to the class CI constraint, q T (−k) = q(k), ν can take on only even integer values. (In the absence of any constraint, i.e., for symmetry class AIII [6] , the winding number can be an arbitrary integer.) The winding number changes only when the quantum system undergoes a quantum phase transition, which is accompanied by the closing of the bulk gap.
We now turn to a more detailed specification of our lattice model. When t l = t for all l = 1, . . . , 4
The pairing potential we consider is "d 3z 2 −r 2 "-like, where the pairing amplitude on bonds within the x − y plane differs in sign form the out-of-plane pairing amplitudes [see Fig. 1(a) ]
For definitiveness we will take t and ∆ positive throughout the paper. The BCS dispersion given by Φ k and ∆ k has four point nodes (Dirac points), at which the bands are four-fold degenerate
Note that PHS and TRI relate K a,+ to K a,− (a = 1, 2), as K a,− is identified to −K a,+ via a translation by reciprocal lattice vectors. The degeneracy at the point nodes can be lifted by a finite staggered sublattice potential or by second neighbor hopping amplitudes, which are parametrized by the symmetric matrix t 
where we have also included a staggered chemical potential. The BdG Hamiltonian (1) has four energy bands, two of which are occupied. With the choice for the hopping parameters and gap amplitudes given by Eqs. (6) (7) (8) Fig. 2(b) , where we set t = 4, and ∆ = 2. With increasing number of grid points in the BZ the integral (5) converges rapidly to an even integer value. In this way we obtain the phase diagram shown in Fig. 2(a) , which contains four distinct gapped phases. The nontrivial phases (ν = ±2) occur if |µ s | < |6t ′ |. Inclusion of finite (but small) second neighbor terms t When µ s and t ′ are small compared to t [see Fig.  2(a) ], an effective low-energy continuum description can be derived by expanding Hamiltonian (3) around the four nodal points K 1/2,± . Rescaling momenta as tk z /2 → k z , t √ 3k y /2 → k y , and 2 √ 3∆k x → k x , and performing a unitray transformation, we find that the low-energy expansion around the node K 1± of the off-diagonal block in Eq. (3a) is given by
whereq = (q x , −q y , −q z ) denotes the deviation of the momentum from K 1± . Eq. (9) is identical to the class CI topological Dirac superconductor constructed in Ref. [6] . Here, we have introduced the five gamma matrices α µ , β, and γ 5 , which are in the Dirac representation given by α µ = σ µ ⊗ τ x , β = τ z , and γ 5 = τ x , with τ x,y,z being another set of Pauli matrices. Consequently, the winding number within the continuum description for the nodes K 1,± is
where the prefactor 1/2, which is an articfact of the lowenergy continuum approximation, will be altered once information about the structure of Bloch wavefunctions at high energy (located away from the Dirac points) is supplemented. The low-energy Dirac Hamltonian for the nodes K 2,± is related by symmetry to the result for the nodes K 1± by simultaneously interchanging k x with k y and replacing the mass term µ s + 6t ′ with µ s − 6t ′ ,
whereq = (q y , −q x , −q z ). Similarly, the winding number within the continuum description for the nodes K 2,± is
Interestingly, the winding number obtained from the continnum description, ν = ν 1 + ν 2 , reproduces the phase diagram of the lattice model correctly. A physical consequence of the non-zero winding number ν is the appearance of zero-energy surface Andreev bound states with Dirac dispersion. To study these surface states we solve model (1) in a slab geometry, and compute the energy bands for a slab parallel to the (111) surface, both in the trivial and nontrivial phases. As shown in Fig. 3 , where we set t = 4 and ∆ = 2, there are, in addition to the bulk states, surface Dirac states which cross the band gap. When the bulk topological invariant is ν = 2 [ Fig. 3(c) ] there are two surface Dirac states, whereas there is no such state when the bulk topological invariant is ν = 0 [ Fig. 3(d)] . Hence, the total number of Dirac states/cones N f = 2 is consistent with the bulk characteristics ν = 2. N f = 2 is the minimal number of Dirac cones required by class CI symmetries. Note, however, that in any two-dimensional lattice model satisfying the CI symmetries, the possible number of Dirac cones is an integer multiple of 2N f because of a no-go theorem analogous to the fermion doubling theorem of Ref. [12] . Here, the fermion doubling is avoided since the two-dimensional system is realized as a boundary of a 3D bulk.
The surface Dirac fermion modes cannot be gapped by any deformation of the Hamiltonian respecting timereversal and particle-hole symmetry. Indeed, this is so because any perturbation respecting the class CI symmetries takes the form of an SU(2) gauge field, which perturbs the surface Dirac fermions in the following way
where a a=1,2,3 µ=x,y ∈ R. The gapless nature of this fourcomponent Dirac fermion is stable against arbitrary values of the six real parameters a a µ , i.e., the non-Abelian gauge potential shifts the location of the Dirac node, but does not lead to a gap. With the inclusion of randomness, small relative to the bulk energy gap, the surface Dirac fermion mode realizes the random SU(2) gauge potential model discussed in Ref. [13] . The random SU(2) gauge potential, known not to be able to localize the Dirac fermions, renormalizes to an exactly solved strong coupling renormalization group (RG) fixed point at long distances. Under the influence of disorder, the (tunneling) density of states ρ(ǫ) changes from a linear dependence to ρ(ǫ) ∼ |ǫ| µ , with the scaling exponent µ = 1/7 [13] at this fixed point.
Within the non-linear sigma model approach based on n fermionic replicas (n → 0), the Anderson localization physics at the surface of the 3D class CI topological superconductor in the presence of disorder is described by the principal chiral model on Sp(2n), supplemented by a Wess-Zumino-Witten (WZW) term, at 'level-one'. (When supersymmetric disorder averaging is used, this is [14] the WZW model on Osp(2|2) at level −ν [15] .) We emphasise that the WZW term cannot appear for any two-dimensional disordered systems on a lattice, such as disordered d x 2 −y 2 -wave superconductors on the square lattice. Indeed, WZW terms always cancel when contributions from different cones are added up. Thus, the delocalized feature (non-renormalization of the conductivity) on a 2D lattice is observed, at best, as a crossover behavior when the inter-cone scatterings are weak.
As it stands, the lattice model we considered is presumably not directly connected to any specific system occurring in nature; but it may give insight into the properties of real materials that exhibit three-dimensional topological phases which preserve both time-reversal and spin-rotation symmetry. Promising candidates for the CI topological quantum state might be found among some of the unconventional superconductors of heavy fermion systems. There are various ways how the topologically protected surface states in such compounds could be detected experimentally. First of all, because of spin rotation symmetry, the surface conductivity for the spin current is a well-defined quantity, which is unchanged by symmetry preserving perturbations, including disorder. Secondly, the density of states of the surface states can be probed via tunneling experiments. Finally, we argue that by breaking TRS locally at the surface, while keeping the spin-rotation symmetry intact, one can realize the so-called 'spin quantum Hall effect (SQHE)' [16] in symmetry class C (unrelated to the 'quantum spin Hall insulators' mentioned earlier) at the surface of the CI topological superconductor. This can be seen as follows. Broken TRS (without breaking SU(2) symmetry) allows for the appearance of four additional perturbing potentials in Eq. (13) , describing the surface modes. One can check that only one of theses additional potentials gives rise to a gap, and hence to a (2D) non-zero Chern integer n = ±1; this is one half of the allowed value of the Chern number in any 2D system exhibiting the SQHE [16] . This situation is completely analogous to the halfinteger surface QHE of the 3D Z 2 topological insulator [4, 17, 18] .
In the 3D Z 2 topological insulator, this topological magneto-electric effect can be described by the effective field theory whose action is given by (3+1) QED supplemented with θ = π term [17, 18] . Since spin is a good quantum number in a singlet superconductor, it is possible to describe its spin transport in terms of an external SU(2) gauge field. Indeed, the effective field theory of the SQHE in TRS-breaking 2D singlet superconductors is known to be the SU(2) Chern-Simons theory at an integer level [19] . Then, following the same reasoning as in the case of the 3D Z 2 topological insulators, we propose that the effective field theory describing class CI topological superconductor is the (3+1)D SU(2) Yang-Mills theory argumented with the theta term
where F µν is the SU(2) field strength and θ = π.
